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Programs can consume existing values
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dup * =⇒ Pop one value from the stack, square

it, and push the result onto the stack



Stack effects

-- 3

1 2 +

Slava Pestov, Daniel Ehrenberg, Joe Groff. “Factor: A Dynamic
Stack-based Programming Language”. ACM SIGPLAN Notices
45:12. December 2010.



Stack effects

x -- x*x

dup *

Slava Pestov, Daniel Ehrenberg, Joe Groff. “Factor: A Dynamic
Stack-based Programming Language”. ACM SIGPLAN Notices
45:12. December 2010.



Stack effects

x -- result

dup *

Slava Pestov, Daniel Ehrenberg, Joe Groff. “Factor: A Dynamic
Stack-based Programming Language”. ACM SIGPLAN Notices
45:12. December 2010.



More mathier

i ∈ Z
v , i | [program]

v̂ , ε | v̂ · v

literal 3 0, 1, 42, . . .

builtin , + | * | sqrt | apply | dig2 | drop | dup | swap | . . .

instruction , literal | builtin | [program]

program , instruction | program program

JprogramK ∈ v̂ → v̂

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j02maf.html
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Evaluating stack programs

J0K v̂ = v̂ · 0
J1K v̂ = v̂ · 1
J42K v̂ = v̂ · 42

...

J+K v̂ · i1 · i2 , v̂ · (i1 + i2)

J*K v̂ · i1 · i2 , v̂ · (i1 × i2)

JsqrtK v̂ · i , v̂ ·
√
i

J[p]K v̂ , v̂ · [p]
JapplyK v̂ · [p] , JpK v̂

Jdig2K v̂ · v1 · v2 · v3 , v̂ · v2 · v3 · v1
JdropK v̂ · v , v̂

JdupK v̂ · v , v̂ · v · v
JswapK v̂ · v1 · v2 , v̂ · v2 · v1

Jp1 p2K v̂ ,

Jp2K (

Jp1K v̂

)
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Evaluating stack programs

J0K v̂ = v̂ · 0
J1K v̂ = v̂ · 1
J42K v̂ = v̂ · 42

...

J+K v̂ · i1 · i2 , v̂ · (i1 + i2)

J*K v̂ · i1 · i2 , v̂ · (i1 × i2)

JsqrtK v̂ · i , v̂ ·
√
i

J[p]K v̂ , v̂ · [p]
JapplyK v̂ · [p] , JpK v̂

Jdig2K v̂ · v1 · v2 · v3 , v̂ · v2 · v3 · v1
JdropK v̂ · v , v̂

JdupK v̂ · v , v̂ · v · v
JswapK v̂ · v1 · v2 , v̂ · v2 · v1
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Evaluating an example program

J1 2 +K v̂ = ?
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Evaluating an example program

J1 2 +K v̂ = ?

Push 3 onto the stack
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Evaluating an example program

J1 2 +K v̂ ?
= v̂ · 3

Push 3 onto the stack
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Evaluating an example program

J1 2 +K v̂ ?
= v̂ · 3 J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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Evaluating an example program

J1 2 +K v̂ ?
= v̂ · 3
= J2 +K (J1K v̂) p1=1, p2=2 +, v̂4=v̂
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Evaluating an example program
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Evaluating an example program

J1 2 +K v̂ ?
= v̂ · 3
= J2 +K (J1K v̂) p1=1, p2=2 +, v̂4=v̂

= J2 +K (v̂ · 1) v̂1=v̂
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Evaluating an example program
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= J2 +K (v̂ · 1) v̂1=v̂
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Evaluating an example program

J1 2 +K v̂ ?
= v̂ · 3
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= J2 +K (v̂ · 1) v̂1=v̂
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= J+K (v̂ · 1 · 2) v̂2=v̂·1
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J1K v̂1 = v̂1 · 1
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Evaluating an example program

J1 2 +K v̂ ?
= v̂ · 3
= J2 +K (J1K v̂) p1=1, p2=2 +, v̂4=v̂

= J2 +K (v̂ · 1) v̂1=v̂

= J+K (J2K (v̂ · 1)) p1=2, p2=+, v̂4=v̂·1

= J+K (v̂ · 1 · 2) v̂2=v̂·1
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Evaluating an example program

J1 2 +K v̂ X
= v̂ · 3
= J2 +K (J1K v̂) p1=1, p2=2 +, v̂4=v̂

= J2 +K (v̂ · 1) v̂1=v̂

= J+K (J2K (v̂ · 1)) p1=2, p2=+, v̂4=v̂·1

= J+K (v̂ · 1 · 2) v̂2=v̂·1

= v̂ · (1+ 2) v̂3=v̂, i1=1, i2=2

= v̂ · 3

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)
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Evaluating an example program

Jdup *K v̂ = ? J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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Evaluating an example program

Jdup *K v̂ = ?

Pop one value from the stack, square it, and

push the result onto the stack

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)
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Evaluating an example program

Jdup *K v̂ · i ?
= v̂ · (i × i)

Pop one value from the stack, square it, and

push the result onto the stack

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)
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Evaluating an example program

Jdup *K v̂ · i ?
= v̂ · (i × i) J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)

J*K v̂5 · i1 · i2 = v̂5 · (i1 × i2)

JdupK v̂6 · v = v̂6 · v · v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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Evaluating an example program

Jdup *K v̂ · i ?
= v̂ · (i × i)

= J*K (JdupK v̂ · i) p1=dup, p2=*, v̂4=v̂·i

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)

J*K v̂5 · i1 · i2 = v̂5 · (i1 × i2)

JdupK v̂6 · v = v̂6 · v · v
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Evaluating an example program

Jdup *K v̂ · i ?
= v̂ · (i × i)

= J*K (JdupK v̂ · i) p1=dup, p2=*, v̂4=v̂·i

= J*K (v̂ · i · i) v̂6=v̂, v=i

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)

J*K v̂5 · i1 · i2 = v̂5 · (i1 × i2)

JdupK v̂6 · v = v̂6 · v · v
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Evaluating an example program

Jdup *K v̂ · i ?
= v̂ · (i × i)

= J*K (JdupK v̂ · i) p1=dup, p2=*, v̂4=v̂·i

= J*K (v̂ · i · i) v̂6=v̂, v=i

= v̂ · (i × i) v̂5=v̂, i1=i, i2=i

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)
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Evaluating an example program

Jdup *K v̂ · i X
= v̂ · (i × i)

= J*K (JdupK v̂ · i) p1=dup, p2=*, v̂4=v̂·i

= J*K (v̂ · i · i) v̂6=v̂, v=i

= v̂ · (i × i) v̂5=v̂, i1=i, i2=i

J1K v̂1 = v̂1 · 1

J2K v̂2 = v̂2 · 2

J+K v̂3 · i1 · i2 = v̂3 · (i1 + i2)

Jp1 p2K v̂4 = Jp2K (Jp1K v̂4)

J*K v̂5 · i1 · i2 = v̂5 · (i1 × i2)

JdupK v̂6 · v = v̂6 · v · v
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The lambda calculus is Turing-complete

λx .λy . y x

0 , λf .λx . x

1 , λf .λx . f x

2 , λf .λx . f (f x)
...

succ , λn .(λf .λx . f (n f x))



The lambda calculus is Turing-complete

λx .λy . y x

0 , λf .λx . x

1 , λf .λx . f x

2 , λf .λx . f (f x)
...

succ , λn .(λf .λx . f (n f x))



Yes, really

woodrush/lambda-8cc

It has long been known in computer science that

lambda calculus is Turing-complete. lambda-8cc

demonstrates this in a rather straightforward way by

showing that C programs can directly be compiled

into lambda calculus terms.

https://github.com/woodrush/lambda-8cc


Yes, really

// rot13.c: Encodes/decodes standard input to/from the ROT13 cipher

#define EOF -1

int putchar(int c);

char getchar(void);

char c;

int offset;

int main (void) {

for (;;) {

c = getchar();

if (c == EOF) {

break;

}

offset = 0;

if (('a' <= c && c < 'n') || ('A' <= c && c < 'N')) {

offset = 13;

} else if (('n' <= c && c <= 'z') || ('N' <= c && c <= 'Z')) {

offset = -13;

}

putchar(c + offset);

}

return 0;

}



Yes, really
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+ | * | sqrt |

apply | dig2 | drop | dup | swap | . . .

instruction ,

literal |

builtin | [program]

program , instruction | program program

0 , [drop]
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swap [apply] compose compose compose compose
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No, really

S , swap dig2 dup dig2 cons swap dig2 apply

K , swap drop apply

(M N) , [N] M

λx .λy . y x = [[[[swap drop apply] swap drop apply] swap dig2 dup dig2

cons swap dig2 apply] [[swap drop apply] [swap drop apply]

swap dig2 dup dig2 cons swap dig2 apply]] [[[[swap drop apply]
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Minimalism

apply = [[]] dip k

cake = cons [cons sip] dup apply take

compose = [[apply] dip apply] cons cons

cons = cake [] k

dig2 = [] cons cons dip

dip = cake k

drop = [] k

dup = [] cake dip dip

k = [drop] dip apply

quote = [] cons

s = dig2 [dig2 cons] sip dig2 apply

sip = [quote compose] s apply

swap = quote dip

take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html

http://tunes.org/~iepos/joy.html


Minimalism

apply unquote

cake = cons [cons sip] dup apply take

compose concatenate

cons = cake [] k

dig2 = [] cons cons dip

dip = cake k

drop destroy

dup copy

k = [drop] dip apply

quote quote

s = dig2 [dig2 cons] sip dig2 apply

sip = [quote compose] s apply

swap reorder

take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html

http://tunes.org/~iepos/joy.html


Minimalism

apply = [[]] dip k

cake = cons [cons sip] dup apply take

compose = [[apply] dip apply] cons cons

cons concatenate, quote

dig2 = [] cons cons dip

dip = cake k

drop = [] k

dup = [] cake dip dip

k destroy, unquote

quote = [] cons

s = dig2 [dig2 cons] sip dig2 apply

sip copy, reorder, unquote

swap = quote dip

take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

apply = [[]] dip k

cake concatenate, copy, reorder, quote

compose = [[apply] dip apply] cons cons

cons = cake [] k

dig2 = [] cons cons dip

dip = cake k

drop = [] k

dup = [] cake dip dip

k destroy, unquote

quote = [] cons

s = dig2 [dig2 cons] sip dig2 apply

sip = [quote compose] s apply

swap = quote dip

take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html

http://tunes.org/~iepos/joy.html


Apologies in advance

λx .λy . y x = [[[[swap drop apply] swap drop apply] swap dig2 dup dig2

cons swap dig2 apply] [[swap drop apply] [swap drop apply]

swap dig2 dup dig2 cons swap dig2 apply]] [[[[swap drop apply]

[swap drop apply] swap dig2 dup dig2 cons swap dig2 apply]

swap dig2 dup dig2 cons swap dig2 apply] swap drop apply]

swap dig2 dup dig2 cons swap dig2 apply

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html

http://tunes.org/~iepos/joy.html


Apologies in advance

λx .λy . y x = [[[[k] k] [] cake [] k cake k [] cake [] k cake [] k cake k [] cake cake k

cake k [] cake [] k cake [] k cake k cake [] k [] cake [] k cake k [] cake

[] k cake [] k cake k [[]] cake k k] [[k] [k] [] cake [] k cake k [] cake

[] k cake [] k cake k [] cake cake k cake k [] cake [] k cake [] k cake k

cake [] k [] cake [] k cake k [] cake [] k cake [] k cake k [[]] cake k k]]

[[[[k] [k] [] cake [] k cake k [] cake [] k cake [] k cake k [] cake cake

k cake k [] cake [] k cake [] k cake k cake [] k [] cake [] k cake k []

cake [] k cake [] k cake k [[]] cake k k] [] cake [] k cake k [] cake [] k

cake [] k cake k [] cake cake k cake k [] cake [] k cake [] k cake k cake

[] k [] cake [] k cake k [] cake [] k cake [] k cake k [[]] cake k k] k]

[] cake [] k cake k [] cake [] k cake [] k cake k [] cake cake k cake k []

cake [] k cake [] k cake k cake [] k [] cake [] k cake k [] cake [] k cake

[] k cake k [[]] cake k k

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html

http://tunes.org/~iepos/joy.html
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Concatenation revisited

Jp1 p2K v̂ , Jp2K (Jp1K v̂)

Syntactic concatenation is semantic composition

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j02maf.html

https://hypercubed.github.io/joy/html/j02maf.html


Concatenation revisited

Jp1 p2K v̂ , (Jp2K ◦ Jp1K) v̂

Syntactic concatenation is semantic composition

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j02maf.html
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Concatenation revisited

Jp1 p2K , Jp2K ◦ Jp1K

Syntactic concatenation is semantic composition

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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Associativity of stack transformers

Ja b c dK =

{

Ja b c dK= ?

}
= JdK ◦ JcK ◦ JbK ◦ JaK

This is not changing the order that we execute instructions!

This is not the associativity of + and ×!
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Associativity of stack transformers

Ja b c dK =

{

J(a b) (c d))K= Jc dK ◦ Ja bK

}
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This is not changing the order that we execute instructions!

This is not the associativity of + and ×!
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Associativity of stack transformers

Ja b c dK =


J(a b) (c d))K=(JdK ◦ JcK) ◦ (JbK ◦ JaK)
Ja (b (c d))K =((JdK ◦ JcK) ◦ JbK) ◦ JaK
J((a b) c) d)K= JdK ◦ (JcK ◦ (JbK ◦ JaK))
J(a (b c)) dK = JdK ◦ ((JcK ◦ JbK) ◦ JaK)

 = JdK ◦ JcK ◦ JbK ◦ JaK

This is not changing the order that we execute instructions!

This is not the associativity of + and ×!

Jeremy Gibbons. “Continuation-Passing Style, Defunctionalization,
Accumulations, and Associativity”. The Art, Science, and
Engineering of Programming, 2022, Vol. 6, Issue 2, Article 7.
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Compiling stack programs

〈|0|〉 , mov %ax, 0

push %ax

〈|1|〉 , mov %ax, 1

push %ax

〈|42|〉 , mov %ax, 42

push %ax

...

〈|+|〉 ,
pop %ax

add %ax, [%sp]

mov [%sp], %ax

〈|*|〉 ,
pop %ax

mul [%sp]

mov [%sp], %ax

〈|sqrt|〉 ,
fild [%sp]

fsqrt

fisstp [%sp]

〈|p1 p2|〉 , 〈|p1|〉++ 〈|p2|〉

〈|dup|〉 , mov %ax, [%sp]

push %ax

〈|drop|〉 , pop %ax

〈|swap|〉 ,
pop %ax

pop %bx

push %ax

push %bx



Compiling stack programs

〈|0|〉 , mov %ax, 0

push %ax

〈|1|〉 , mov %ax, 1

push %ax

〈|42|〉 , mov %ax, 42

push %ax

...

〈|+|〉 ,
pop %ax

add %ax, [%sp]

mov [%sp], %ax

〈|*|〉 ,
pop %ax

mul [%sp]

mov [%sp], %ax

〈|sqrt|〉 ,
fild [%sp]

fsqrt

fisstp [%sp]

〈|p1 p2|〉 , 〈|p1|〉++ 〈|p2|〉

〈|dup|〉 , mov %ax, [%sp]

push %ax

〈|drop|〉 , pop %ax

〈|swap|〉 ,
pop %ax

pop %bx

push %ax

push %bx



Compiling our example expression

3 4 dup * swap dup * + sqrt
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Compiling our example expression

1 2 + 2 2 * dup * swap dup * + sqrt
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Compiling our example expression

1 2 + 2 2 * dup * swap dup * + sqrt



Compiling our example expression

〈| 1 2 + 2 |〉 〈| 2 * dup * swap |〉 〈| dup * + sqrt |〉

= = =

mov %ax, 1

push %ax

mov %ax, 2

push %ax

pop %ax

add %ax, [%sp]

mov [%sp], %ax

mov %ax, 2

push %ax

mov %ax, 2

push %ax

pop %ax

mul [%sp]

mov [%sp], %ax

mov %ax, [%sp]

push %ax

push %ax

pop %ax

mul [%sp]

mov [%sp], %ax

pop %ax

pop %bx

push %ax

push %bx

mov %ax, [%sp]

push %ax

pop %ax

mul [%sp]

mov [%sp], %ax

pop %ax

add %ax, [%sp]

mov [%sp], %ax

fild [%sp]

fsqrt

fisstp [%sp]



Compiling our example expression

〈| 1 2 + 2 2 * dup * swap dup * + sqrt |〉 =

mov %ax, 1

push %ax

mov %ax, 2

push %ax

pop %ax

pop %bx

add %ax, %bx

push %ax

mov %ax, 2

push %ax

mov %ax, 2

push %ax

pop %ax

pop %bx

mul %bx

push %ax

pop %ax

push %ax

push %ax

pop %ax

pop %bx

mul %bx

push %ax

pop %ax

pop %bx

push %ax

push %bx

pop %ax

push %ax

push %ax

pop %ax

pop %bx

mul %bx

push %ax

pop %ax

pop %bx

add %ax, %bx

push %ax

fild [%sp]

fsqrt

fisstp [%sp]
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