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Pythagoras

import math

legl = 3
leg?2 = 4
11sq = legl * legl
12sq = leg2 * leg2

hypotsq = 11sq + 12sq
result = math.sqrt(hypotsq)

print(result)
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[dup * swap dup * + sqrt] dup 3 4 dig2 apply drop 5 12 dig2 apply drop



Applying a quotation more than once

[dup * swap dup * + sqrt] dup 3 4 dig2 apply drop 5 12 dig2 apply drop



Applying a quotation more than once

[dup * swap dup * + sqrt] dup 3 4 dig2 apply drop 5 12 dig2 apply drop



Applying a quotation more than once

[dup * swap dup * + sqrt] dup 3 4 dig2 apply drop 5 12 dig2 apply drop



Applying a quotation more than once

[dup * swap dup * + sqrt] dup 3 4 d:




Applying a quotation more than once

[dup * swap dup * + sqrt] dup 3 4 dig2 apply drop 5 12 dig2 g




Applying a quotation more than once

rt] [dup * swap dup * + sqrt] 3 4 dig2 apply drop 5 12 dig2 apply




Applying a quotation more than once

] [dup * swap dup * + sqrt] 3 4 dig2 apply drop 5 12 dig2 apply di




Applying a quotation more than once

[dup * swap dup * + sqrt] 3 4 dig2 apply drop 5 12 dig2 apply droj




Applying a quotation more than once

3 4 [dup * swap dup * + sqrt] apply drop 5 12 dig2 apply drop




Applying a quotation more than once

*

[dup * swap dup * + sqrt] 3 4 dup * swap dup * + sqrt drop 5 12 d:




Applying a quotation more than once

* *

Jp * swap dup * + sqrt] 3 4 4 swap dup * + sqrt drop 5 12 dig2 «




Applying a quotation more than once

*

dup * swap dup * + sqrt] 3 16 swap dup * + sqrt drop 5 12 dig2 apj




Applying a quotation more than once

* *

dup * swap dup * + sqrt] 16 3 dup * + sqrt drop 5 12 dig2 apply di




Applying a quotation more than once

) * swap dup * + sqrt] 16 3 3 * + sqrt drop 5 12 dig2 apply drop




Applying a quotation more than once

*

dup * swap dup * + sqrt] 16 9 + sqrt drop 5 12 dig2 apply drop




Applying a quotation more than once

[dup * swap dup * + sqrt] 25 sqrt drop 5 12 dig2 apply drop




Applying a quotation more than once

[dup * swap dup * + sqrt] 5 drop 5 12 dig2 apply drop




Applying a quotation more than once

[dup * swap dup * + sqrt] 5 12 dig2 apply drop




Applying a quotation more than once

[dup * swap dup * + sqrt] 5 12 dig2 apply drop




Applying a quotation more than once

*

dup * swap dup * + sqrt] 5 12 dig2 apply drop




Applying a quotation more than once

12 [dup * swap dup * + sqrt] apply drop




Applying a quotation more than once

512 dup * swap dup * + sqrt drop




Applying a quotation more than once

512 12 * swap dup * + sqrt drop




Applying a quotation more than once

5 144 swap dup * + sqrt drop




Applying a quotation more than once

144 5 dup * + sqrt drop




Applying a quotation more than once

144 5 5 * + sqrt drop




Applying a quotation more than once

144 25 + sqrt drop




Applying a quotation more than once

169 sqrt drop




Applying a quotation more than once

13 drop




Applying a quotation more than once




vieaning




What is the meaning of a stack program?




What is the meaning of a stack program?

12+




What is the meaning of a stack program?




What is the meaning of a stack program?

12 +




What is the meaning of a stack program?
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*

dup = Pop one value from the stack, square

it, and push the result onto the stack



Stack effects

12+

Slava Pestov, Daniel Ehrenberg, Joe Groff. “Factor: A Dynamic
Stack-based Programming Language”. ACM SIGPLAN Notices
45:12. December 2010.
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X -— x*x
dup

Slava Pestov, Daniel Ehrenberg, Joe Groff. “Factor: A Dynamic
Stack-based Programming Language”. ACM SIGPLAN Notices
45:12. December 2010.
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x —- result
*

dup

Slava Pestov, Daniel Ehrenberg, Joe Groff. “Factor: A Dynamic
Stack-based Programming Language”. ACM SIGPLAN Notices
45:12. December 2010.
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] e 7Z
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Evaluating stack programs

—_ ==

- ©

N = =

<0 <0
[

<0 <0

— O

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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BV =v-0

v =71

[42] v = v - 42
[+]V -y -ip 2 V- (iy +i2)
[0 -iy o 2 0- (1 x i)
[sqrt] v-i 2 V-Vi

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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[e]v =v-0 [Lp1] v = v-[pl
v =v-1 [apply] V- [p] £ [p] ¥
[42] v = V- 42

[V iy iy 2 0+ (iy +1a)

IV -i iy 2 0- iy x i)

[sqrt] v-i 2 V-Vi
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[} =v-0 Lol v 2 . [p]
v =v- [apply] V- [p] £ [p] V
[42] v = V- 42
[[digz]]\?'vl'VQ'Vgé\?'VQ'Vg-Vl
[drop] v -v 2y
v L20.v.
[+ Vit iy 2 V- (i1 +1i2) [[dup]]v;v :V V-V
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<>
o

[y = v 2

[y =v.1 [apply] v - [p] £
[42] v = V- 42

[dig2] V-vi-vy-vs 2

[drop] v -v =

% N

[V -i i 2 V- (i x o) [swap] v vy - va =
[sqrt] v-i 2 V-7

[o1 p2] v £

<O 0

9

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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[]v =v-0 o] v 2 9. [p]
[y =v- lapply] v - [p] = [p] v
[42] v = V- 42
[[digz]]\?'vl'VQ'Vgé\?'VQ'Vg-Vl
[drop] v -v 2y
v L2 9.y.
[#] V-iy iy 2 V- (iy +1ip) [[dup]]v;v :V V-V
[V -i i 2 V- (i x o) [swap] v vy - va = V-vy vy
[sqrt] v-i 2 V-7
[p1 p2] v £ 1] v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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[} =v-0 Lol v 2 . [p]
v =v- [apply] V- [p] £ [p] V
[42] v = V- 42
[[digz]]\?'vl'VQ'Vgé\?'VQ'Vg-Vl
[drop] v -v 2y
v L20.v.
[+ Vit iy 2 V- (i1 +1i2) [[dup]]v;v :V V-V
[V -i i 2 V- (i x o) [swap] v vy - va = V-vy vy
[sqrt] v-i 2 V-Vi

[o1 p2] V = [p2] ([pa] V)
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Push 3 onto the stack
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? A

[M2+0<0-3

Push 3 onto the stack

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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V-3 ] v = V-1
12] 7 — 2
[+] V3 - iy iy = V3 - (i1 +i2)
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[12+v=0.3 ] v =01
=[R2+ MIV)  or=tpe=2 v ia= [2] v — 0y 2
[+] v3-ix-ia = V3 - (i1 +12)

o1 p2] va = [p2] ([p1] Va)
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[12+v=0.3 1] v

=[2 +] (M] V) P1=1, pa=2 +, Ug=0 [2] V-
=[2+](v-1) =7 o
[[4']] V3 1119

p1 p2] Va

~

= V1-1
0.0
= V3 - (Ih +12)

= [p2] ([p1] Va)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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Evaluating an example program

[12+v=0-3 1% =01
=RAMY)  amrpeze s 210 =052
=[2+](v-1) hy=0 o
— 12 1) ormt e, iy (Vs -fi-fa = Vs - (o)

o1 p2] va = [p2] ([p1] Va)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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[12+v=0-3 1% =01
=2+ V) e=tpe=2e = 12] V- = 0y-2
=2+ -1 u o
= [ ([2 - 1) pimt.pame, sami Vs -h-fo = Vs (i +12)
=[] (0-1-2) sy [P p2] Va = [p2] (Tpa] Va)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
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https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[ 2+

V-3 v

[2 +] (P]] V) P1=1, pa=2 +, Ug=0 [2] v»

[2+]@-1) = S

[+1 (2] - 1)) =t pam =i MACAURL

[+] (v-1-2) 72 =0-1 [o1 p2] Va4
=v-(1+2) 73=0, i1 =1, ip=2

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

71

vy - 2

= V3 - (Ih +i2)

lo2] ([p1] Va)


https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[12+v=0-3 1% =01
=R+ V)  pi=tpp=z e a=i 12] V- =0y 2
=[R+E-1)  a= L

= BV 1) o (10510l = Vs (h+ )
=[+]@W-1-2) Iy=0-1 [o1 p2] va = [p2] ([o1] va)
=v-(1+ ) J3=7, i1 =1, ig=2
=v-3

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html



https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[2+]v

L

V-3 ] v1

[2 +] (q”] V) p1=1, pp=2 +, I4=7 [2] V>

[2 +] (v-1) 9y =0 o
[+ (121 (V1)) or=e. pame, =i MACRUN
[+ (v-1-2) Ip=0-1 [o1 p2] Va4
v-(1+2) Vg=0, =1, ip=2

v-3

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

71

vy - 2

= V3 - (Ih +12)

lo2] ([p1] Va)


https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *Jv = 2 [ v =1
[2] s =02

[+] V3 - iy iy = V3 - (i1 + i2)

o1 P2l va = [p2] ([p1] Va)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html



https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *Jv = 2 [1] 1 =V -1
Pop one value from the stack, square it, and [2] v2 =Vy-2
push the result onto the stack

[+] V3 - iy iy = V3 - (i1 + i2)

o1 P2l va = [p2] ([p1] Va)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html



https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *]v-i = - (i xi) KA —
Pop one value from the stack, square it, and [2] v2 =Vy-2
push the result onto the stack

[+] V3 - iy iy = V3 - (i1 + i2)

o1 P2l va = [p2] ([p1] Va)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html



https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *[V-i = v-(ixi) [ v
[[2]] \72
[+] Vs i -1z
[o1 2] V4

[*] Vs - i - 1o

[dup] Ve - v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

V1-1

vy -2

= V3 (1 +12)

lo=] ([p1] Va)

= \75'(/1 X/Q)

Vg V-V


https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *]v-i

2y (ixi) o

= [T (Adup) V1) orsm patovass ] 0,
[+] V3 - iy - ia
lp1 p2] Va4

[*1 Vs - i1 -ia

[dup] ve - v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

V1-1

vy -2

= V3 (1 +12)

lo=] ([p1] Va)

= \75'(/1 X/Q)

Vg V-V


https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *]v-i

2y Gixi) URE

= [[*ﬂ (qdup]] V- ) py=dup, py=*, i1g=i-i 2] Va

— [[*ﬂ (V .- /) V=0, v=i N s s
[+] V3 - i1 - i2
[o1 p2] V4
[*1 Vs - i1 -ia

[dup] v - v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

V1-1

vy -2

= V3 (1 +12)

lo=] ([p1] Va)

\75 . (I1 X /2)

=Vg-V-V


https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *]v-i

2y Gixi) URE

= "] (qup]] Vi) py=dw, py=*, v4=ri [2] V2

— [[*II (V . [ . [) V=0, v=i + ~ . .

=V (/ X /) V=V, iy =i, ip=I [[ ]] e
[o1 p2] V4

[*1 Vs - i - ia

[dup] ve - v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

V1-1

vy -2

= V3 (1 +12)

lo=] ([p1] Va)

= \75 . (l1 Xig)

Vg V-V


https://hypercubed.github.io/joy/html/j02maf.html

Evaluating an example program

[dup *]v-i

é\7-(/><I') [[1]]\71

= [ (qdup]] Vi) pr=dw. py=r, 04=0i 2] %

=T Wi T6=0, v=i o

= \7 ’ (/ X /) ‘75:\7, i1=l, ig=i II ]] V3 ' Il : l2
lo1 p2] V4

[*] Vs - i - 1o

[dup] Ve - v

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html

V1-1

vy -2

= V3 (1 +12)

lo=] ([p1] Va)

= \75'(/1 X/Q)

Vg V-V


https://hypercubed.github.io/joy/html/j02maf.html

Corrolzianass




The lambda calculus is Turing-complete

MLAY LY X



The lambda calculus is Turing-complete

MLAY LY X
02 M. MWX.x
1 & M. \X.fx
2 2 XN.\x.f(fx)

succ = An. (M. x.f(nfx))



Yes, really

woodrush/lambda-8cc

& woodrush / lambda-8cc ' Public

x86 C compiler written in untyped lambda calculus

&8 MIT license

It has long been known in computer science that
lambda calculus is Turing-complete. lambda-8cc
demonstrates this in a rather straightforward way by
showing that C programs can directly be compiled
into lambda calculus terms.


https://github.com/woodrush/lambda-8cc

Yes, really

// rot13.c: Encodes/decodes standard input to/from the ROT13 cipher
#define EOF -1

int putchar(int c);
char getchar(void);

char c;
int offset;

int main (void) {

for (55) {

¢ = getchar();

if (c = EOF) {
break;

offset = @;

if (("a' < c&c<'n') || ("A" <c&c<'N'Y)){
offset = 13;

Yelseif (('n' <c&c<'z") || ('N"<c&¢c<=<"')){
offset = -13;

}
putchar(c + offset);

return 8;



Yes, really

(O \y\z\a b (el ((\d. (e (VL (g (WD @ (AL G C LKLk WLAmAR oL (o k (G m))) K)) @) (\j.( z (d (\k.\L.\m.\n.\o.\p.((\g.((\r.((\s.(n (\
QP RO = GO OO OO (e OO Qe Oe e Qe e e Oe e e e (e e e O\ \y =¥)))93)233030)000)00)) (- y - (y (e \anx)x)) (x \y - (y (\x- \a.a)x))

OFL CFCOXAY L OO e OO OO Ce O e O e e O e O e e e e e e (\xa Ay = ¥))322)900)00))0000)) (e Ay (y (\x \anx) x)) (ke \y . (y(\x\a.a)x)))

VP (RO - GO0 OO OO e Oe O e Oe e e e Oe e e e (e Cy Gy (- \y =¥93)33)333333933339000)) (o - (y (e \anx) ) (e Ay - (y (\xe \a.2)x))) (\x. \y-v)))))))

(\f.(f

(. FOF POy \z \a \b. \c. \d. \e.

(\f.(f

O\ FOF POy \z\a \b. \c. \d. \e.
(\F.(FOF.(FOx\y.\z.\a.\b.\c.\d. \e.
(F.FOF (PO \y.\z. \a. \b. \e.\d. \e.
GAGUAGITATAFATALATAACS
GRGOAGITATAFATAUATATACS

(\f.(F

OF.FOF(FOx\y.\z\a.\b. \c.\d. \e.

(\f (FOF (FOx\y.\z \a.\b.\c.\d. \e.
(\f (FOF.(FOx\y\z\a\b. \c. \d. \e.

(\1c (FOVFL(FO\x-\y Az \a \b. e \d. \e.
(FCFOF POy \z \au\b e \d e

O\F.EOF(FOx\y.\z.\a.\b. \c.\d. \e.
(L FOF (PO y Az \a\bu\e. \d e
O\F.FOF(FOx\y.\z.\a.\b. \c.\d. \e.
(AGOACGIVAVAVALRALATALATS
OF.FOF.(FOx\y.\z\a.\b. \c.\d. \e.
(F PO (PO \y\z\a.\b. \e. \d. \e.
(\F.(FOF.(FOx\y.\z.\a.\b.\c. \d. \e.
(\F.(EOF(FOx\y.\z.\a.\b. \c.\d. \e.
O FOF POy Az \a\bu e \d e
O\F.EOF(FOx\y.\z\a. \b. \c.\d. \e.

a) (\x Ay ) (O GO0 e OO OeOx Oe (e O e e Oe OO e e Oe O e e e (y (V- \y=¥)333333303333223390330000) (e Ay . (y (\xans

e) (\x.\y.y) (x. (x(\y.\z.2) (\x. (x(\z.\a.z) (\x. (x(\a.\b.b) (\a.\b.b))))))) (\x. (x(\y . \z.2) (\x. (x(\z.\a.a) (\x. (x(\a.\b.a) ('
d) (\x= Ay ) (O Ay Gy Gy Gy Cy Cy Gy Gy Gy Gy Cy Gy Cy Gy Gy Cy Gy Cr Gy Gy Cy Gy Cy Gy Gr Qe \y=v)9903)39933)3300030000)) (e Ay - (y (Ax\as
&) (W Ay y) (e (x(O\y . \z.2) (\x. (x(\z.\a.a) (\x. (x(\a. \b.a) (\a.\b.b))))))) (\x. (x(\y . \z.2) (\x. (x(\z.\a.a) (\x. (x(\a. \b.b) (
&) (W) (e (x(\y - \z.2) (\x. (x(\z. \a.a) (\x. (x(\a. \b.a) (\a.\b.b))))))) (\x. (x(\y - \z.2) (\x. (x(\z.\a.2) (\x. (x(\a. \b.b) (
&) (W Ay y) (e (x(\y . \z.2) (\x. (x(\z.\a. 2) (\x. (x(\a. \b.b) (\a.\b.b))))))) (\x. (x(\y.\z.2) (\x. (x(\z.\a.a) (\x. (x(\a. \b.b) (

x) QA y) Qe (\yA\zey) (\y.\z.2))) (\x. \y . \z.x)))
¥) Qo Ay ) (O OO e OeOe OO O e O OO O e e e e O e e e e e e\ \y +¥)233990333239900003000)) (e Ay (y (\x\a.

e) (\x. Ay x) (C\x Ay Gy Cy Cy Cy Cy Cy Cy Cy Gy Cy Cy Cy Cr Gy Cy Gy Cy Cr Gy Cy Gy Cy vy (e Ay =v)03)3333)3333)3300000000) (e Ay (y (\x\a.

) (W Ay ax) (O Ay (OO Oe OO O Qe e OO O Qe e e O e e e e O e e (e \xa Ay 2 ¥)22)9903322)900)0)00000) (ke Ay (y (\x\a.
&) (W) (e (x(y-\z.2) (\x. (x(\z.\a. 2) (\x. (x(\a. \b.a) (\a.\b.b))))))) (\x. (x(\y \z.y) (\y.\z.2)))))
) (W x) (O GO Oex OO O O e O O e e e e e e e e e e e (Ax Ay 2¥93))3))9303393)000)00)) (- \y - (y(\x\a.
) (W y) (W (x(\y - \z.2) (\x. (x(\z.\a. 2) (\x. (x(\a. \b.a) (\a.\b.b))))))) (\x. (x(\y \z.y) (\y.\z.2)))))
&) (\x. \y.y) (\x. (x(\y.\z.2) (\x. (x(\z.\a.2) (\x. (x(\a.\b.b) (\a.\b.b))))))) (\x. (x(\y.\z.z) (\x. (x(\z.\a.a) (\x. (x(\a.\b.a) (
d) (V- x) (e y - Cy Cy Cy Gy Gy Cy Cy Cy Gy Cy Cy Cy Cy Gy Cy Gy Gy Gy Gy Cr Cy Gy Gy Gy e Ay 2v9303330)30330330000000) (W y - (y (\x\a.
&) (W Ay y) (e (x(\y - \z.2) (\x. (x(\z. \a.a) (\x. (x(\a. \b.a) (\a.\b.b))))))) (\x. (x(\y - \z.y) (\y.\z.2)))))
e) (\x.\y.y) (x. (x(\y.\z.2) (\x. (x(\z.\a.a) (\x. (x(\a.\b.a) (\a.\b.b))))))) (\x. (x(\y . \z.2) (\x. (x(\z.\a.2) (\x. (x(\a.\b.b) ('
) (W x) (O OO OO O Oe e Qe O e Oe G Qe e O e e e e O e e (A \y ¥93)33)333)3)93900)00)) (- y - (y (\x\a.
e) (\x. \y.y) (\x. (x(\y.\z.2) (\x. (x(\z.\a.2) (\x. (x(\a.\b.b) (\a.\b.b))))))) (\x. (x(\y.\z.z) (\x. (x(\z.\a.a) (\x. (x(\a.\b.a) (
d) (\x= Ay ) (O - Gy Cy Cy Cy Gy Gy Gy Gy Cy Gy Cy Cy Gy Gy Cy Gy Cr Gy Gy Cy Gy Cr Gy (e \y=v)2)03)330)3)03300)0000)) (e Ay - (y (Ax\aws
e) (\x.\y.y) (\x. (x(\y . \z.2) (\x. (x(\z.\a.a) (\x. (x(\a.\b.a) (\a.\b.b))))))) (\x. (x(\y.\z.y) (\y.\z.2)))))



Those pesky names

MUY .Y X



Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

> 1> >

MUY .Y X

Smullyan, Raymond.
New York, 1985.

To Mock a Mockingbird. Alfred A. Knopf:




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

A
> 1> >

M.OAY . YX =M. A\V.y X

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

A
> 1> >

M.OAY . YX =M. A\V.y X

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

A
> 1> >

MY X=MX.(S .y \y.X)

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

A
> 1> >

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

> 1> >

LAYy x=XM.(S1(KX))

Smullyan, Raymond.
New York, 1985.

To Mock a Mockingbird. Alfred A. Knopf:




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

> 1> >

ALYy x=XM.(S1(KXx))

Smullyan, Raymond.
New York, 1985.

To Mock a Mockingbird. Alfred A. Knopf:




Those pesky names

XY

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

> 1> >

Yy x=(SM.(S1) M.(Kx))

New York, 1985.

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:




Those pesky names

S 2 MX.\W.\2.xz(y2z)
K £ \.\y.x
I £ M.x

M.y x=(S(K(SI) M.(Kx))

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

S 2 MX.\W.\2.xz(y2z)
K £ \.\y.x
I £ M.x
MYy x = (S (K (S 1) (S M. K Ax.x))

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

MLUAY .Y X

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

> 1> >

(S (K(SD) (S (KK) M.x))

Smullyan, Raymond.
New York, 1985.

To Mock a Mockingbird. Alfred A. Knopf:




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
AX . X

A
> 1> >

MYy x = (S (K(ST) (S (KK)I)

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
»xx SKK

A
> 1> >

MYy x = (S (K(ST) (S (KK)I)

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




Those pesky names

M.AY . AZ.xz (Y 2)
ALY L X
»xx SKK

A
> 1> >

M.y .y x = (S (K(S(SKK))) (S (KK) (SKK))

Smullyan, Raymond. To Mock a Mockingbird. Alfred A. Knopf:
New York, 1985.




The stack language is Turing-complete



The stack language is (almost) Turing-complete



The stack language is (almost) Turing-complete

literal > 0,1,42,...

buitin - % + | * | sqrt | apply | dig2 | drop | dup | swap | ...
instruction = literal | builtin | [program]
program £ instruction | program program



The stack language is (almost) Turing-complete

builtin
instruction
program

apply | dig2 | drop | dup | swap | ...
buittin | [program]
instruction | program program

> 1> 1>



The stack language is (almost) Turing-complete

builtin = apply | dig2 | drop | dup | swap | ...
instruction £ buittin | [program]
program & instruction | program program

0 2 [drop]

succ = quote [apply] compose [[dup]] swap dup [[compose]]

swap [apply] compose compose compose compose

Scott J Maddox. “Foundations of Dawn: The Untyped
Concatenative Calculus”.
https://www.dawn-1ang.org/posts/foundations-ucc/



https://www.dawn-lang.org/posts/foundations-ucc/

The stack language is (almost) Turing-complete

[Lp1] v £ v [p]
[apply] v - [p] < [p] v
[[digZﬂV-Vl'Vg-Vgé\?-VQ'Vg'Vl
[drop] v -v 20

[dup] V - v 2V-v.v
[swap] v - vy - vy L2 V.vy-vg



The stack language is Turing-complete

[Led] v £ v-[p] [compose] V- [p1] - [p2] £ V- [p1 p2]
[apply] v - [p] = [p] v [cons] v -v - [p] £v-[vp]
[dig2] v -vyi-va-v3 £ V-vy-v3-vy [dip] v -v - [p] 2 ([P1V)-v
[drop] v -v 20 [quote] v - v 2 v-[v]
[dup] V - v 2V-v.v

[swap] v - vy - vy L2 V.vy-vg



No, really

swap dig2 dup dig2 cons swap dig2 apply
swap drop apply
INIM

A
> [l> >

(M N)



No, really

S £ swap dig2 dup dig2 cons swap dig2 apply
K £ swap drop apply
(MN) & [NIM

MYy x = (S (K (S (SKK))) (S (KK) (SKK)))



No, really

S = swap dig2 dup dig2 cons swap dig2 apply
K £ swap drop apply
(MN) & [NIM

My .y x = [LLIK] K] 8] [[K] [K] S]]L[L[K] [K] S] 8] KIS



No, really

S = swap dig2 dup dig2 cons swap dig2 apply
K £ swap drop apply
(MN) & [NIM

M.y .y x = [[[[swap drop apply] swap drop apply] swap dig2 dup dig2
cons swap dig2 apply] [[swap drop apply] [swap drop apply]
swap dig2 dup dig2 cons swap dig2 apply]] [[[[swap drop apply]
[swap drop apply] swap dig2 dup dig2 cons swap dig2 apply]
swap dig2 dup dig2 cons swap dig2 apply] swap drop apply]
swap dig2 dup dig2 cons swap dig2 apply



THE \“?
— — —
PROGRAMMING
LANGUAGE



W/



Minimalism

[apply] v - [p] 2 [pl v
[compose] V- [p1]1-[p2] £ V- [p1 p2]
[cons] V- v - [p] £ v.-[vp]
[dig2] v - vy -va - v 2 V.vy-vg-vg
[dip] v -v - [p] 2 ([l ¥) -v
[drop] v -v =34

[dup] V- v 2y.v.v
[quote] v - v 2 v-[v]
[swap] v - vy - vy L2 V.vy-vy

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html



http://tunes.org/~iepos/joy.html

Minimalism

[apply] V- [p] = [ol v
[compose] V- [p1]1-[p2] £ V- [p1 p2]
[cons] V- v - [p] £ v.-[vp]
[dig2] v - vy -va - v 2 V.vy-vg-vg
[dip] V-v - [p] 2 ([l V) -v
[drop] ¥ - v =34

[dup] V- v 2y.v.v
[quote] v - v 2 v-[v]
[swap] v - vy - vy L2 V.vy-vy

unquote

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html



http://tunes.org/~iepos/joy.html

Minimalism

Tapply] V- [p] < [Pl v
[compose] V- [p1]1-[p2] £ V- [p1 p2]
[cons] ¥ -v - [p] 2 v.[vp]
[dig2] v - vy -va - v 2 V.vy-vg-vg
[dip] v-v - [p] = ([p1 V) -v
[drop] v - v 2V

[dup] V- v 2y.v.v
[quote] V- v £ v [v]
[swap] v - vy - vy L2 V.vy-vy

quote

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html



http://tunes.org/~iepos/joy.html

Minimalism

[apply] v - [p] = [p] v
[compose] v - [p1]-[p2]l £ V- [p1 pol
[cons] v -v - [p] £ y.[v pl
[dig2] V- vy vy -vs £V-vyvzevy
[dip] v-v - [p] = ([p1 V) -v
[drop] v -v =34
[dup] V- v 2y.v.v
[quote] v - v 2 v-[v]
[swap] v - vy - vy L2 V.vy-vy
concatenate

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html



http://tunes.org/~iepos/joy.html

Minimalism

Tapply] V- [p] < [Pl v
[compose] V- [p1]1-[p2] £ V- [p1 p2]
[cons] V- v - [p] £ v.-[vp]
[dig2] v - vy - va - v3 2 V.vy-vg-vg
[dip] v-v - [p] = ([p1 V) -v
[drop] v - v 2V

[dup] V- v 29.v.y
[quote] v -v £ v-[v]
[swap] v - vy - vy L2 V.vy-vy

reorder

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

[apply] v - [p] 2 [pl v
[compose] V- [p1]1-[p2] £ V- [p1 p2]
[cons] V- v - [p] £ v.-[vp]
[dig2] v - vy -va - v 2 V.vy-vg-vg
[dip] v -v - [p] 2 ([pl ¥) -v
[drop] v - v 29

[dup] V- v 2V.v.v
[quote] v - v 2 v-[v]
[swap] v - vy - vy L2 V.vy-vy

destroy

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

[apply] v - [p] 2 [pl v
[compose] V- [p1]1-[p2] £ V- [p1 p2]
[cons] V- v - [p] £ v.-[vp]
[dig2] v - vy -va - v 2 V.vy-vg-vg
[dip] v -v - [p] 2 ([l ¥) -v
[drop] v -v =4

[dup] v - v LVovev
[quote] v - v 2 v-[v]
[swap] v - vy - vy L2 V.vy-vy

copy

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

[apply] v - [p] 2 [p] v [dup] v - v 2Vvev

[cake] v -v - [p] 2Vv-[vpl-lpvl [KV-v-[p] £ [pl v

[compose] V- [p1]- [p2] £ V- [p1 p2] [quote] v -v £v-[v]

[cons] v -v - [p] £0-[vpl [s]V-v-[p1]-[p2] = [p2] V-[v p1]-v
[dig2] v - vy -vy-vs 2 V-V v3-vg [sip] v -v - [p] 2 ([e] V-v)-v
[dip] v -v - [p] 2 ([p] V) -v [swap] V - vy - vo 2V.vy-vy

[drop] v -v £y [take] v -v - [p] 2 7.[pv]

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

[apply] v - [p] 2 [p] v [dup] v - v 2Vvey

[cake] v -v - [p] 2Vv-lvpl-lpvl [kKVv-v-[p] £ [pl v

[compose] V- [p1]- [p2] £ V- [p1 p2] [quote] v -v £v-[v]

[cons] V- v - [p] £7v-[vp] [s]V-v-[p1]-[p2] £ [p2] V-[v p1]-v
[dig2] v - vy -vy-vs 2 V-V v3-vg [sip] v -v - [p] 2 ([e]V-v)-v
[dip] v-v-[p] = ([l V) -v [swap] V-vi-va £ V-vy-vy

[drop] v -v £y [take] v -v - [p] 2 v.[pv]

destroy

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

(1>

[apply] v - [p] 2 [ol v [dup] v - v Vv

[cake] V- v - [p] Sv-[vpl-lpvl [KV-v-[p] £ [l v
[compose] V- [p1]- [p2] £ V- [p1 p2] [quote] v -v £v-[v]

[cons] v -v - [p] £0-[vpl [s]V-v-[p1]-[p2] = [p2] V-[v p1]-v
[dig2] v - vy -vy-vs 2 V-V v3-vg [sip] v -v - [p] 2 ([e]V-v)-v
[dip] v -v - [p] 2 ([p] V) -v [swap] V - vy - vo 2V.vy-vy

[drop] v -v £y [take] v -v - [p] 2 v.[pv]

copy

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

[apply] v - [p] 2 [p] v [dup] V- v 20V

[cake] v -v - [p] 2Vv-[vpl-lpvl [kKV-v-[p] £ [l v

[compose] V- [p1]- [p2] £ V- [p1 p2] [quote] v -v £v-[v]

[cons] V- v - [p] £7v-[vp] [s]V-v-[p1]-[p2] £ [p2] V-[v p1]-v
[dig2] v - vy -vy-vs 2 V-V v3-vg [sip] v -v - [p] 2 ([e]V-v)-v
[dip] v-v-[p] 2 ([l V) -v [swap] V-vi-va £ V-vy-vy

[drop] v -v £y [take] v -v - [p] 2 v.[pv]

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

apply = [[]] dip k dup =[] cake dip dip

cake = cons [cons sip] dup apply take k = [drop] dip apply

compose = [[apply] dip apply] cons cons quote = [] cons

cons = cake [] k s = dig2 [dig2 cons] sip dig2 apply
dig2 =[] cons cons dip sip = [quote compose] s apply

dip = cake k swap = quote dip

drop =[]k take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

apply unquote dup copy

cake = cons [cons sip] dup apply take k = [drop] dip apply

compose concatenate quote quote

cons = cake [] k s = dig2 [dig2 cons] sip dig2 apply
dig2 =[] cons cons dip sip = [quote compose] s apply

dip = cake k swap reorder

drop destroy take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

apply = [[]] dip k dup =[] cake dip dip

cake = cons [cons sip] dup apply take k destroy, unquote

compose = [[apply] dip apply] cons cons quote = [] cons

cons concatenate, quote S = dig2 [dig2 cons] sip dig2 apply
dig2 =[] cons cons dip sip copy, reorder, unquote

dip = cake k swap = quote dip

drop =[]k take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Minimalism

apply = [[]] dip k dup =[] cake dip dip

cake concatenate, copy, reorder, quote k destroy, unquote

compose = [[apply] dip apply] cons cons quote = [] cons

cons = cake [] k s = dig2 [dig2 cons] sip dig2 apply
dig2 =[] cons cons dip sip = [quote compose] s apply

dip = cake k swap = quote dip

drop =[]k take = [dip] cons cons

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Apologies in advance

M. Ay.yx = [[[[swap drop apply] swap drop apply] swap dig2 dup dig2
cons swap dig2 apply] [[swap drop apply] [swap drop apply]
swap dig2 dup dig2 cons swap dig2 apply]] [[[[swap drop apply]
[swap drop apply] swap dig2 dup dig2 cons swap dig2 apply]
swap dig2 dup dig2 cons swap dig2 apply] swap drop apply]
swap dig2 dup dig2 cons swap dig2 apply

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html
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Apologies in advance

M.AY .y x = [[L[k] k] [] cake [] k cake k [] cake [] k cake [] k cake k [] cake cake k
cake k [] cake [] k cake [] k cake k cake [] k [] cake [] k cake k [] cake
[] k cake [] k cake k [[1] cake k k] [[k] [k] [] cake [] k cake k [] cake
[] k cake [] k cake k [] cake cake k cake k [] cake [] k cake [] k cake k
cake [] k [] cake [] k cake k [] cake [] k cake [] k cake k [[]] cake k k]]
[[L[k] [k] [] cake [] k cake k [] cake [] k cake [] k cake k [] cake cake
k cake k [] cake [] k cake [] k cake k cake [] k [] cake [] k cake k []
cake [] k cake [] k cake k [[]] cake k k] [] cake [] k cake k [] cake [] k
cake [] k cake k [] cake cake k cake k [] cake [] k cake [] k cake k cake
[1 k [] cake [] k cake k [] cake [] k cake [] k cake k [[]] cake k k] k]
[] cake [] k cake k [] cake [] k cake [] k cake k [] cake cake k cake k []
cake [] k cake [] k cake k cake [] k [] cake [] k cake k [] cake [] k cake
[1 k cake k [[1] cake k k

Brent Kirby. “The theory of concatenative combinators”.
http://tunes.org/~iepos/joy.html



http://tunes.org/~iepos/joy.html

THE

& O'Q:O ’
o — — > —

LANGUAGE






Concatenation revisited

[p1 P2l v = 2] ([p1] V)

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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Concatenation revisited

o1 P2l Vv = ([p2] © [pal) ¥

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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Concatenation revisited

o1 p2] £ [p2] o [p1]

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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Concatenation revisited

o1 p2] £ [p2] o [p1]

Syntactic concatenation is semantic composition

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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Concatenation revisited

o1 p2] £ [p2] o [p1]

EE Syntactic concatenation is semantic composition 53

Manfred von Thun. “The mathematical foundations of Joy”. 1994.
https://hypercubed.github.io/joy/html/j62maf.html
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Associativity of stack transformers

[abcd]= ?



Associativity of stack transformers

[@ab) (cd)l= ?



Associativity of stack transformers

[(@b) (cd))]=[cd]efab]



Associativity of stack transformers

[(@b) (c d)]=([d] o [c]) o ([b] ~ [a])



Associativity of stack transformers

[(@b) (cd))]
[a (b (cd))]

([al o fel) o ([e] © [a])
((Ial o fel) o [b]) o [&]



Associativity of stack transformers

[(@b) (cd))]
[a (b (cd))]
[((ab)c) d)]

0

(el o fel) o ([e] © [a])
((Ial o fel) o [b]) o [a]
[@] o ([e] o ([b] » [al))



Associativity of stack transformers

i~
Q

S
Q

)]
)]
)]
]

[e] o [e]) o ([o] © [a])
([@l o [el) o [b]) o [4]
Jo(le] (o] o al))
Jo(([el o [p]) o [al)

o
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Associativity of stack transformers

i~
Q

S
Q

)]
)]
)]
]

[e] o [e]) o ([o] © [a])
([@l o [el) o [b]) o [4]
Jo(le] (o] o al))
Jo(([el o [p]) o [al)

—
P
Q —

o O
\_/Q
Qv

[abcd] =

~— —

= [dl o fclofb] e [e]

o O

Q

(
(
[@
[@

=
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=
o
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Associativity of stack transformers

[(@b) (cd)]=([d] o [c]) o ([6] © [a])
[a (b (cd))] =((Ia] o [c]) o []) o [&]
[((ab) c) d)]=[d] o ([c] o ([b] » [a]))
[(@ (bc))d] =[dal o (([c] © [6]) o [a])

[abcd] = = [d] o [c] o [P] o [a]

This is not changing the order that we execute instructions!
This is not the associativity of + and x!

Jeremy Gibbons. “Continuation-Passing Style, Defunctionalization,
Accumulations, and Associativity”. The Art, Science, and
Engineering of Programming, 2022, Vol. 6, Issue 2, Article 7.
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Compiling stack programs

>

mov %ax, @ pop %ax mov %ax, [%sp]
push %ax q+l> add %ax, [%sp] qdupb - push %ax
mov [%spl, %ax

_
[av)
=
(1>

lI>

A mov %ax, 1 A .

q1 |> —  push %a; Q*D o pop <|d r‘opD = pop %ax
A mov %ax, 42 = mul [%sp] pop %ax

<|42l> = aeh n%a)’( mov [%sp], %ax QSWHPD 2 Ezzh%:::x
: - %

a [fHd Tl push %bx

<|sq r‘t|> = fsqrt

fisstp [%sp]



Compiling stack programs

mov %ax, @

(e) = push %ax (+) 2
M 2 e o
() & [ o

(sqrt) =

(p1p2) £ (p1) 4 (p2)

pop fax

add %ax, [%sp]
mov [%spl, %ax
pop %ax

mul [%sp]

mov [%sp], %ax
fild [%sp]
fsqrt

fisstp [%sp]

(1>

[I>

mov %ax, [%sp]
push f%ax

pop %ax
pop %ax
pop f%bx

push fax
push fibx



Compiling our example expression

3 4 dup * swap dup * + sqrt



Compiling our example expression

3 4 dup * swap dup * + sqrt



Compiling our example expression

12+ 227% dup * swap dup * + sqrt



Compiling our example expression

12+ 2 2% dup * swap dup * + sqrt



Compiling our example expression

12+ 22% dup * swap dup * + sqrt



Compiling our example expression

(12+2) (2 *dup * swap) {dup * + sqrt)
I I Il

mov %ax, 2

push fax

pop %ax mov %ax, [%sp]
mov %ax, 1 mul [%sp] push fax
push %ax mov [%sp], %ax pop %ax
mov %ax, 2 mov %ax, [%sp] mul [%sp]
push %ax push %ax mov [%sp], %ax
pop %ax push fax pop f%ax
add %ax, [%sp] pop %ax add %ax, [%sp]
mov [%sp], %ax mul [%sp] mov [%sp], %ax
mov %ax, 2 mov [%sp], %ax fild [%sp]
push fax pop f%ax fsqrt

pop %bx fisstp [%sp]

push f%ax

push fbx



Compiling our example expression

B

(12+22*dup * swap dup * + sqrt ) = ==

pop %bx

mul %bx
push %ax

pop %ax

pop %bx

add %ax, %hx
push ax
#ild [Hsp]
fsqrt

fisstp [dsp]
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